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According to Ref. 3), the potential for the Higgs elds associated with translation





















where k and h denote the directions of the translation in Z
N
, and p is an element
of Z
N
. The real constant 
p;kh
is a normalization parameter. The eld strengths are
dened by use of Higgs elds H as
F
kh
(x; p)  H(x; p; p+k+h) H(x; p; p+k)H(x; p+k; p+k+h) : (2
.
2)
The simplest example is the case with a discrete space Z
2
. We can assign gauge
symmetries to each element of Z
2
, and generally they are SU(N) and SU(M) (N 
M). Then, only one Higgs eld, H
a
i
































































The index k (k
 1





are positive, the vacuum minimizing this potential preserves
the gauge symmetry SU(N M) U(1)
M 1
.
In some cases, it is eective to identify some of the vector spaces V (acted on by
the gauge rotation) associated with the elements of the discrete space, in order to







Fig. 1. The adjoint Higgs eld is realized as a
connection on discrete space.
setup (therefore take N equal to M).
The Higgs eld  is then in the adjoint














Referring to the result of Ref. 6), the
vacuum of the potential (2
.
4) breaks
the gauge symmetry SU(N) down to
SU(N   n)  SU(n)  U(1), where n
is the greatest integer not larger than
N=2.
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x3. SU(5) model
A fascinating feature of the SU(N) model (2
.
4) is that in the case N = 5 we
obtain the standard model gauge symmetry, SU(3)  SU(2)  U(1). The gauge
group SU(5) is one of the candidates for grand unication, and the adjoint Higgs 
is just the one needed for the symmetry breaking in the SU(5) GUT.
In the usual minimal SU(5) GUT, one introduces a ve-dimensional Higgs eld
H in order to realize the electro-weak symmetry breaking, as well as. In the context
of Ref. 3), this matter content is supplied
)




























are the same as before. Hence the ve-dimensional Higgs elds H

































Fig. 2. A schematic representation for obtaining also the ve-dimensional Higgs elds.
Let us calculate the potential for the Higgs elds. The Higgs eld strengths read































































































































































Here, the indices h; k and l denote the directions of the translation (see Fig. 3). Note




, the distance between two Minkowski
spaces (the other parameter d
h
is equal to d
k




Though fermions and their interaction terms can be introduced as in Ref. 7), we concentrate
on the Higgs potential in this paper.
)




























Fig. 3. The assignment of the distances and the translations between dierent Minkowski spaces.




). Since the Higgs elds in the denition (2
.
2) are dimensionless, we as-
sociate them with the length of the translation:
e
H(x; p; p+k)  H(x; p; p+k)=d
k
.
Moreover, the Higgs potential should have dimension four. Hence we make the naive













a dimensionless parameter expected to be of order 1. So as to obtain the hierarchical







From the relations (3
.













































































2) is dierent from that obtained in Ref. 4). The latter was given through






















































Though the authors of Ref. 4) introduced ve arbitrary parameters, a;    ; e, let us associate these



























d ; e = 0 :
Here ea;    ;
e
d are of order 1. The parameter e does not stem from the kinetic terms of the Yang-
Mills type, and therefore we set it to zero. The symmetry breaking of the GUT scale can be seen
in the limit d
k
!1. (This corresponds to the limit ! 0.) Assuming that the resultant breaking






i (hHi  hi), in this limit we have
only the a-term and thus there remains only the adjoint Higgs .
For positive a, the potential of the a-part gives rise to a symmetry-breaking pattern SU(5) !
SU(4)  U(1) (see Ref. 6)), and for negative a, the potential turns out not to be bounded below.
Therefore, this model has no realistic vacuum if the coeÆcients of the potential are set in the manner
above.
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term, which would be phenomenologically
acceptable, does not appear in the potential. This is characteristic of our model, due
to the structure of the eld strength (3
.
1).





















). This is possible with the use
of the SU(5) rotation. When solving the stationary condition for V , the constraint
























































































= 0 : (3
.
7)
The pattern of the symmetry breaking of interest is required to have a hierarchal
































adopting these values, it turns out that the potential V is minimized at hHi = 0.
Hence unfortunately, the electro-weak breaking does not occur. This is mainly due to
the hierarchical structure of the potential (3
.
2). The global structure is given by the
part V
1
(leading us to the GUT breaking), and the next order term V
2
determines the





in H , and therefore gives hHi = 0 (or, if the coeÆcient in front of H
y
H is negative,
it gives a large hHi together with V
3
, and the hypothesis of the hierarchy for VEVs
is violated).













= 1 for simplicity, a straightforward calculation shows that the whole





diag( 2; 2; 2; 3; 3) ; (3
.
9)
hHi = (0; 0; 0; 0; h
5














In this way, we obtain a hierarchical structure of the gauge symmetry breaking of












In this paper, we have studied the patterns of the gauge symmetry breaking in
models constructed along the proposal of Ref. 3). Applying the proposal to a simple
SU(5) model
)







, is found to be very preferable phenomenologically. Then,
this model was extended so as to include a ve-dimensional Higgs eld for electro-
weak symmetry breaking. This is made possible by adding another Minkowski space,
and under the assumption for the coeÆcients of the potential, the vacuum breaks




with a hierarchical structure.
)
Though the connection Higgs formalism seems to be a nice idea to realize and
explain the Higgs mechanism, it suers from a problem of non-renormalizability.
Actually, this formalism brings about a coupling reduction, and in general it is
impossible to renormalize the obtained Higgs potential. One way to get rid of this
diÆculty is to regard the couplings in the Higgs potential as the one at a certain
energy scale, i.e. the renormalization point.
9)
But then, what does this energy scale
represent? A possible scenario
10)
is to think of the Minkowski spaces separated from
each other as D-branes, and consider the energy scale as the string scale. In string
phenomenology, new methods for model construction have been exploited with use
of D-branes, where our four-dimensional space-time is realized as a worldvolume of
the D-brane.
11)
If we regard three parallel Minkowski spaces as D-branes, then the identication
used in this paper and many other models in NCG becomes very natural. The
situation of Fig. 3 can be translated into a conguration of string theory
)
as
follows: consider 5 coincident D3-branes (the blobs in Fig. 3) and a parallel orbifold
singular surface (gray line) located apart from those D3-branes. The gauge group
on the D-branes is SU(5). (A gauge group SO(10) is obtained when the location of
the orbifold singular surface coincides with that of the D3-branes.) The Higgs eld
 can be regarded as a sort of Wilson line,
13)
since it is a translational operator.
The path generating a non-trivial Wilson line is the same as the conguration of a
Dirichlet open string in a twisted sector. The scale of this system is the distance
d
l




(the circle) is a single D-brane on the orbifold singular surface. The scale for
symmetry breaking is determined by the distance between D-branes.
Although on the above points, D-branes provide a natural interpretation of the
conguration of this paper, D-branes are themselves supersymmetric objects. In the
context of Ref. 3) and NCG, it is diÆcult to incorporate N = 1 supersymmetry.
14)
Therefore, relations between string theory and NCG should be further claried
)
Minimal SU(5) GUTs in the context of NCG
7); 8)
are completely dierent from ours.
)
We have not considered radiative corrections in this paper.
)
A similar situation can be found in Ref. 12) in string theory.
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(see related discussion in Ref. 15)) to understand gauge symmetry breaking, using
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